Chapter 4

Heat Equation

In this chapter we investigate the heat equation
—Au=0

and the corresponding inhomogeneous variant
uw—Au=f.

The unknown function w is defined on an open domain 2 C R™ x R and the inhomo-
geneity f is a given function on 2. We shall extend some statements about harmonic
functions to solutions of the heat equation.

This heat equation describes a diffusion process. This means a time-like evolution
of space-like distributed quantities like heat, chemical concentration and others. Here
the flow density is proportional to the negative of the gradient. Then the heat equation
follows from the scalar conservation law.

4.1 Fundamental Solution

Since the heat equation is linear and contains only a first order derivative with respect
to time and only second derivatives with respect to space, for any solution u(z,t) and
any A € R the function u(Az, \?t) is also a solution. This scaling behaviour suggests
to look for solutions which depend only on mt_2 We invoke the following ansatz:

1
u(z,t) = el (%) r € R"t€R".

Here a and [ are constants and v : R — R an unknown function. This ansatz

is justified by the scaling behaviour u(z,t) = A*u(Nz, At). With A = } we obtain
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v(35) = u({5,1). This ansatz transforms the heat equation into the following PDE
—a -ty (y) — Bty Vo (y) — @A Ay(y) =0 mit y= t%

If we set g = %, then this equation does not depend on ¢ and reduces to
av+%y-Vv+Av:O.
Again we assume that v is a function of |y|. With v(y) = w(|y|) we obtain:

n— / . ‘SL’|
w =0 with r=-—.
r Vit

If we set a = 3, then we may integrate once:

1 !/ 2
aw+§rw +w” +

(r" ) + L (mw) =0 ' + It = a.

The constant a vanishes, if w and w’ vanish at infinity.
7‘2
w' = —irw w=>b-e 1.
For a special choice of the constants a and b we again obtain the fundamental solution.
Definition 4.1. The fundamental solution of the heat equation is defined as

1k n
B(z,t) = Gz for xER,t>0‘
0 for zeR"t<0

Lemma 4.2. For allt > 0 the fundamental solution satisfies / O(x,t)d"x = 1.

P ! = R “ap) 1 d
TOOf W Rne x—m ne LU—W Re X = 1. q.e.d.

The fundamental solution is similar to a mollifier on R". So we may expect that
the convolution with ® converges in the limit ¢ | 0 like the identity.

Theorem 4.3. For h € C,(R"™,R) the following function u has the properties (i)-(iii):

uw )= [ o -y o)y

(i) u € C=(R" x RY)
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(i) © — Au=0 on R" x R

(iii) w extends continuously and bounded to R™ x [0, 00) with 11_1% u(z,t) = h(z).
Proof. Since ®(z,t) is smooth on R™ x R the foregoing lemmas and the boundedness
of h implies that u(x,t) is well defined, bounded and continuous on R" x [0, 00). On
(x,t) € RTxRT all partial derivatives of (x,t) — ®(x—y,t) belong to L' (R") considered
as functions on y € R™ and depend continuously on (x,t) € R™. So they define a smooth
map from (z,t) € R" x RY into L}(R"). The integral is a linear continuous operator
from I'(R™) to R. So w is smooth. No (ii) follows, since ® solves the heat equation on
R™ x R*. The continuity of h implies uniform continuity on compact subsets. For any
e > 0 and any x in a compact subset of R™ there exists 0 > 0, such that |h(x)—h(y)| < €
for all |x — y| < 6. Furthermore there exists 7' > 0, such that

/ O(y,t)d"y = / Oy, 1)d"y < € forallt <T.
R7\ B(0,5) R7\B(0,6/v/1)
This implies lu(z,t) — h(z)| = / O(z —y,t)(h(y) — h(z))d"y
<[ @yt [hw) k) [y 4 [ 8=y lh) bl
B(z,6) R\ B(z,0)
< e+ 2esup{|h(y)| |y € R"} for all t < T.

So u(x,t) converges in the limit ¢ | 0 uniformly on compact subsets of R" to h. q.e.d.

In this limit ¢ | 0 ® converges as a distribution (and as a measure) to the o-
distribution. Note that by this formula the speed of propagation is unbounded.

4.2 Inhomogeneous Initial value problem
In the forgoing section we constructed a solution of the initial value problem
t—Au=0 and wu(z,0)=h(x).

Duhamel’s principle derives solutions of the inhomogeneous initial value problem from
solutions of the homogeneous initial values problem. If we write the heat equation
as & = Aw and recall that the Laplace operator is a linear map from the space of
smooth functions on R” into itself, then the heat equation becomes a linear ODE
in the (infinite-dimensional) space of smooth functions on R". For linear ODEs the
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variation of constants is also a method to obtain the solutions of the inhomogeneous
equation in terms of homogeneous solutions. In fact if we take the integral over the
interval [0, t] of the corresponding homogeneous solutions which are at s € [0, t] equal to
the inhomogeneity at s, then we obtain a solution of the inhomogeneous equation which
vanishes at t = 0. Now Duhamel’s principle is just the application of the variation of
constants to the heat equation considered as an ODE in the space of functions on R™:

t
Let u(x,t) = / / O(x —y,t—s)f(y,s)d"yds.  Then formally we obtain

u(x,t) — Au(x,t) = hm O(x—y,s)f(y,t — s)d"y+
R’!L

//n bz —y.t—s) = DaB(x yﬂf—S))f(y,S)d”yds:f(x,t).

Theorem 4.4 (Solution of the inhomogeneous 1n1t1al value problem). If f is twice
continuously and bounded differentiable on R™ x [0,00), then

u(z, t) // (x —y,t—3s)f(y,s d”yds—// (y,8)f(z —y,t —s)d"yds

solves the inhomogeneous initial value problem

uw—Au=f onR" x R and 11r%u(:z t)=0.
%
Proof. We already proved that v(z,t) = [o. ®(x —y,t — s)f(y, s)d™y solves on R™ x

(s,00) the initial value problem v; — Avs =0 w1th Iltim vs(z,t) = f(z,t). So vs is on
—s

R™ x [s,00) continuous. This implies for all € > 0 the relation

ue(x,t) :/0_ vs(x,t)ds:/o_ /né(z—y,t—s)f(y,s)d"yds

Ue(x,t)— Aue(z,t) = /n O(x—y, t—(t—e))f(y,t—e)d"y :/ O(z—y,e)f(y,t—e)d"y.

n

(
Theorem [£.3] (iii) implies lim,_,o 4. — Auc = f on R® x R*. On the other hand we have
t—

ue(xvt) = / / LU - yvt - S)f Y, s dnyds - / / yv .CL’ - yut - S)dnyds
0 n n

By the second integral in the Theorem and the assumptions on f we conclude that
o 0 . 0
11_1;% (Ue(z,t) — Aue(x,t)) = <§ — A) 11_1;% ue(x,t) = (a — A) u(x,t)

holds. The continuity of v gives u(z,0) = 0. q.e.d.
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Corollary 4.5. The inhomogeneous initial value problem has the following solution:
w—Au=f h(zx)

(2,0) =
m%w:i/;wx—%wh@m@ +Kl/ﬁwx—%t—@fwﬁm%m& qed

4.3 Mean Value Property

We use the fundamental solution ®(xz,t) in order to determine the value u(x,t) as a
mean value on some ball like domain which has to be chosen properly.

Definition 4.6. For all (z,t) € R" x R and all 7 > 0 we define

E(.flf,t,?") = {(y,S) eRn+1 ‘ SSt,@(I—y,t—S) > rin}

omu  (4m)2(E — 5)/? - 1( 2 )m
At —s)

e A5 > = eilt-s) <

rn - /2 t—s
@#-%iﬁggg@mm—mwpﬂ»—mm)

= |z —y|*<2(t—s)n2In(r) — In(t — s) — In(4n)).

Theorem 4.7 (mean value property of the heat equation). Let u be a solution of the
heat equation on an open domain 2 C R™ x R. For any (x,t) € Q and any r > 0 with
E(x,t,r) C Q we have

1 |z — y|? : ly[?
t) = d"yd th  C, = —-d"yds.
w(z,t) Cprm /E(x,t,r) ul, 8) (t—s)? yas o m /15(0,071) 2 Y

Proof. Due to the translation invariance we may assume (z,t) = (0,0). We define

1 2 1 2 2
o(r)=— [u(z, q)ﬂd"qu: —/u(ry, 7“28) Y] d"(ry)d(rzs) :/u(ry, rzs)mdnyds.
rn q2 rn (7"28)2 52

E(0,0,r) E(0,0,r) E(0,0,1)

Here we used the fact that the bijective map (y,s) — (ry,r?s) maps E(z,t,1) onto
E(rx,r?t,r) since ®(r(x — 2),r*t) = r"®(x — y,t). We calculate

2
d(r) = / M (y - Vu(ry, r’s) 4 2rsu(ry, 7’28)) d™yds
B(

1 2 1 2
/ %y - Vu(y, s)d"yds + —— / 20(y, s) v d"yds
E( S r E(0,0,r) s
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For ¢ = —%In(—4ms) + % + nlnr we obtain E(0,0,7) = {(y,s) | ¥(y,s) > 0}.
Furthermore 1 vanishes on the boundary of E(0,0,7).

1 / 2,|y|2dnd 1 / A bdryd
U s = wy - V s
1 Jo0.0m s Yy yntl ) Yy Yy

1 .
=— / (—4nut) + 4y - Vu)d yds
" JE0,0.)

1 . n |yl
_ EIEY L Vu | diyds.
rrtl /E(0,0,r)( i ( 25 452 )Y VN)TIE

1 2
Hence we have &' (r) = = / (—4nAu¢ — —ny . Vu) d"yds
" JE0,0,r) 5

1 2
=0 / (4nVu -V — —ny : Vu) d"yds = 0.
" JE0,0,r) s

This shows that ¢ is constant. By the continuity of u and by the equation

1 2 1 2 2
_n/ | yz‘ dnde: — | T2y ‘2dn7‘yd7’28:/ ‘ y2‘ dndeZCn
™ JE©00r) S ™ JE©0,0,r) (r2s) E(0,0,1) S
we obtain lirr(l) o(r) = Chu(0,0). q.e.d.
T—r

It is possible to calculate the constant explicitly. The heat ball E(0,0,1) contains
all (y,s) € R" x (—o0,0] with s < 0 and |y|* < —2sn(2In(1) — In(—s) — In(4n)) =
2nsIn(—4ms). By the positivity of [y|* we have —47s < 1 and —= < s < 0. This gives

ly|*d"yds
CRn

° 1
-
—ﬁ 5% JB(0,4/2nsIn(—4xs)
0 1 \/ 2nsIn(—4ms) _— ﬁ 1 \/ —2nsIn(4ws)
= nwy " drds = —
L o S Jo

— nw,r" T drds
2
0

1 n+2 1

1 2nsIn 1
e 1 n+2 (47TS) TL2 o n 2d
:nwn/“ 1ir dS:M[* (shn (1)) &
0 n+2], n+ 2 0 e

52
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Now we substitute 47s = e~ =" with 242 = In(;1) and 2tdt = —%.
n+2 00 242 % n+2—n o8]
c - nw,(2n) 2 / e’ (gﬁ)% dpqt — M/ oot 2 gt
n-+ 2 0 47 n n (n + 2)n7r§ 0

— _Ln [e—tztfﬁﬂ - + 8_(“? /00 e gt = 4Ln" /00 ote Ut dt
(n+2)mz o w2 Jo T2 Jo
4wy, o 4 [ 4 > !

= - wﬁ [6_t2t"} + —= nwne_t2t"_1dt = — (/ e_x2da:) = 4.
T2 0 T2 Jo T2 oo

4.4 Maximum Principle

For any open domain 2 C R"™ we define the parabolic cylinder as Qr = Q x (0,77]. The
parabolic boundary d€r of Q7 is defined as Q7 \ Q7. It is the union of (992 x (0,77]) U
(Q X O) and does not contain at time ¢ = T points inside of €.

Theorem 4.8 (strong maximum principle of the heat equation). Let Q be path con-
nected (i.e. any x,x’ € Q are connected by a continuous path from x to x') and let u be
twice continuously differentiable solution of the heat equation on Qp with continuous
extension to Qp. If u takes the maximal value in Qp, then u is constant on Q.

Proof. Let (xg,ty) be an element of 2 at which u takes the maximal value. Then
there exists rqg > 0 such that FE(xg,to,79) is contained in Q7. By the mean value
property u is constant on E(xq,tg, 7). Since ) is path connected there exists for any
(x,t) € Qx(0,ty) finitely many E(xq, to, 7o), E(z1,t1,71), .., E(Tn, tn, ) in Qx (0, )
containing the points (x1,t),..., (2, t,), (z,t). So u is constant on Q. q.e.d.

Theorem 4.9 (weak maximum prinziple for the heat equation). Let Q@ C R™ be open
and bounded and u a twice differentiable solution of the heal equation on Qr which
extends continuously to Qr. Then the maximum of u is taken on 0. q.e.d.

Again this Maximum principle implies the uniqueness of a boundary value problem:

Theorem 4.10 (uniqueness of the boundary value problem). On an open and bounded
domain §2 C R™ there exists at most one solution u of the inhomogeneous heat equation
which extends continuously to Qr and coincides on Oy with a given function.

Proof. Apply the weak maximum principle to the difference of two solutions. q.e.d.

In order to prove on R™ x R* the uniqueness of the initial value problem we need
as in the case of the Poisson problem a bound on the growth at infinity.
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Theorem 4.11 (maximum prinziple for the Cauchy problem). For a bounded and
continuous initial value h on R™ let u be a solution on R™ x (0,T] of the problem:

U—Au=0onR"x(0,T) u(x,0) = h(x) on R™ x {0},
which is bounded by u(z,t) < Ae”™’ on R"x [0,
for some positive constants A,a > 0. Then u is bounded by sup u = sup h.
R x[0,T] Rn

Proof. We first consider the case where a and T obey 4aT < 1. Then there exists an
e > 0 with 4a(T +€) < 1. For all y € R™ and p > 0 the following function v solves
together with the fundamental solution on R"™ x (0,7 + ¢€) the heat equation:

n r— 2
v(x,t) =u(x,t) — (T +e—1t)"2 exp <4(‘T+f‘_t))

On any domain of the form Q7 = B(y,r) x (0, T] the weak maximum principle applies.
Due to the assumptions both function u and h are bounded by Ae®=l”. Since the
inequality m > a holds for ¢ > 0 there exists for any 4 > 0 a R > 0 such that
v(z,t) < sup{h(x) | z € R} holds for all» > Ron 0B(y,r)r = B(y,r)x{0}U0B(y,r)x
(0,T]. Hence the weak maximum principle implies v(z,t) < sup{h(z) | z € R"} for all
(x,t) € R" x [0,T]. This holds for all > 0 and by continuity also for u = 0.

For 4aT > 1 we decompose the time interval into [0, 7] = [0, T3] U. ..U [Ty, T] with
the property 4a(T,,+1 — T,,) < 1. By induction the general case follows. q.e.d.

Theorem 4.12 (existence and uniqueness of the initial value problem). For h € C(R™)
and f € C(R™ x [0,T]) there exists at most one solution of the initial value problem

t—Au=f onR" x (0,T) u=nh on R" x {0}

on R"x[0, Ty] which is bounded by |u(z, )| < Ae®*” for some A>0, a>0 and 0<Ty<T.
Ifh and f are bounded by |h(z)| < Ae®™ and f(z,t) < Ae®™ on (z,t) € R"x[0, T]
for some A >0, a >0, and T > 0 then this unique solution is given by

(o, 1) = / B(z — y, )h(y)d™y + /Ot / B(z — y,t — ) f(y, )d"yds.

1

This solution might explode at some finite t T Ty > 14

Proof. By the maximum principle for for the Cauchy problem Theorem 1Tl the dif-
ference of any two solutions vanishes. This shows uniqueness.
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In order to prove existence we apply Corollary and show that the given u(x t)

has a bound as stated. For 0 <t —s < ﬁ we have —‘f(;_y‘j < —2alz —yl* - ‘x y‘ and

\ \
—2a\$\2+a|y\2—2a|m y|26 s(t o) 2"/2 —al2z—y|? e~ S(t o)

(4m(t — s))n/? (Bt —s))m2 7
Oz —y,t—s) < 2M2®(x — y, 2(t — 5))e2 el

e 2Pl (g — gt — 5) <

The inequalities |h(z)] < Ae®*!” and f(z,t) < Ae®* which hold for (x,t) € R" x[0,T]
first imply u(z,t) < A'e®l*” for t € [0,Tp] with Ty = min{T, 7=} and some A’ > 0.
For f = 0 the maximum principle for the Cauchy problem Theorem T implies

sup e 2 u(x, )| < 2% sup /q)(x —y. 200 [h(y)|d"y

(,t)€R™ X [0,Tp] (,)€R" x[0,T5] JR
< 2% sup e P |h(y)] < 2% A.
yeR?

t
For non vanishing f we get sup e 2P|y, 1) < 25 A (1 + /ds) <22 A(1+T).
(x,t)eR™ x[0,Tp) 0

So the given u obeys locally in t € [0, 7] a bound as stated and is the unique solution,
as long as it obeys such a bound. The solution u(z,t) = (Th —t)~2 exp <4(|T| - ) of the
homogeneous heat equation shows that this might not be true for all ¢t € [0,T]. q.e.d.

Improved arguments yields the sharp bound on the extinction time 7Ty > 4i.

Example 4.13. We show by a counterexample the non uniqueness of solutions without
any bound of the initial value problem. For n =1 we make the ansatz

=Y alt)a', alet) = Lulet) =Y (G(t) =+ 2+ Dgea(t))a.

=0

For a given function go(t) = g(t) we thus obtain the following formal solution of the
homogeneous heat equation:

w,?) :Zg(zz

=0

We now show that for g(t) = exp(—t=2) this power series indeed converges to a solution
such that on every compact subset of R™ the uniform limit t | 0 vanishes. We first
calculate g (t) for any 1 € Ny by a real polynomial p; of degree 1 solving the relation

g(l)(t) =t7'p(t ) exp(—t72)  with py(2) = 22p(2) — Ipy(2) — 22p)(2).
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This recursion relation for p; follows by differentiating by t. The first two polynomials
are po(z) = 1 and pi(z) = 2z. We claim that the coefficient of pi(z) in front of 2% is
bounded by 212—7,;, Forl =0, k=0 this is clear. By induction we obtain with k <[+ 1

ikg hkg 0t 0T 4k + 1+ 2k) - N7+ 1)

22'f—1(k —1)! * l2kk! * %2’%! B 2k ! - 2kE!

(I + )7+t
2k k!

<

This proves the claim. Using the inequalities % = m < ﬁ we conclude

> 072 <N g(t) 1 (72 \ S g(t) (1) 221
< <y = el evoll o> T oz
|u(x,t)| = (2l)!tl e Ok 142k — Z I ( ot ) P k! <2t2) CeXp ( 24 2t2)

1=0 =0

Therefore the series converges absolutely and fort | 0 uniformly on compact sets to 0.

In analogy to the Laplace equation one can show the uniqueness of the boundary
value problem Theorem and of the initial value problem Theorem [4.12] also with
the monotonicity of an energy functional. We define

e(t) = /Qu2(x, t)d"x.

If u solves the homogeneous heat equation and vanishes at the boundary of €2, then
this functional is monotonically decreasing with respect to time:

e(t) = 2 / u(z, tyale, t)d s = 2 /

u(z, t)Au(x, t)d"z = —2/ (Vu(z, ) d"z < 0.
0

Q

If w(z,t) vanishes at t = 0, and if u(-,t) and Vu(-,t) are square integrable for ¢ > 0,
then u vanishes identically since Vu(-,t) vanishes and (-, t) is constant for ¢ > 0.

4.5 Heat Kernel

In analogy to the Green’s function of the Laplace equation we define for open subsets
) C R” the heat kernel Hq,.

Definition 4.14. For an open domain Q C R™ the heat kernel Hg : Q@ x Q@ x Rt - R
of Q) is characterised by the following two properties:

(i) For (z,t) € Q xRY y — Hq(x,y,t) extends continuously to Q with value 0 on 0.

(ii) For x € Q the function (y,t) = Ho(r,y,t) — ®(x — y,t) solves the homogeneous
heat equation and extends continuously to QO x RE with value 0 on (y,t) € Qx{0}.
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Lemma 4.15. If u and v are two functions on Q x R with an open domain @ C R"
which all three have appropriate reqularity, then we have

/T/ w(z, t)(Qp(z, T —t) + Av(z, T — t))d"zdt

0 Q

+ /0 /Q(&gu(:c, t) — Au(z, ))v(x, T — t)d"zdt =

- / /m(“(y’ HVy(y, T —1) = Vyuly, oy, T — 1)) - N(y)do (y)dt

n /Q (uz, T)o(x,0) — u(z, 0)v(z, T))d"

Proof. The fundamental theorem of calculus gives for the terms with ¢-derivatives the
final integral over 2 and the boundary terms of a partial integration with respect to y
yields the two gradients with respect to x in the integral over 0f). q.e.d.

The function v(y,t) = Hq(x,y,t) has at v(x,0) a singularity and is not defined
there. Hence we integrate with respect to dt over the interval ¢ € [0, — €] instead of
t € [0, T] and take afterwards the limit € | 0. Then Theorem (.3 gives

// u(y,t) — Au(y,t))Ho(r,y, T — t)d"ydt =

:/ /agu(z’wzﬂﬂ(‘”’z’T‘”'N (2)do(z)dt+u(z, T)— /Q“<y,0)HQ(x,y,T)d“y.

This shows also u(z,T) / / w(y,t) — Au(y,t))Ho(z,y, T — t)d"ydt

T
— / / u(z,t)V,Ho(z, 2, T —t)N(z)do(z)dt + / u(y,0)Ho(z,y, T)d"y.
o9 Q
Theorem 4.16 (solution of the initial and boundary value problem). Let f be a func-
tion on Q2x(0,T), g a function on O [0,T] and h a function on 2 which together with

the open domain 2 C R™ have appropriate reqularity such that all appearing integrals
converge absolutely. Then

T
u(x,T):/O Lf(y,t)HQ(x,y,T—t)d"ydt

N /o /BQ 9z 1)V.Halz, 2 T = )N(z)do(2)dt + /Q h(y)Ho(z,y, T)d™y
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18 the unique solution of the initial and boundary value problem
u—Au=f onx(0,T) u=g on Q2 x[0,7] u(z,0) = h(x) on 2.
We prepare the proof by showing that the heat kernel is symmetric:
Lemma 4.17. For all T > 0 and z,y € Q we have Ho(z,y,T) = Ho(y,z,T).
Proof. We insert u(z,t) = Hq(z,2,t) and v(z,t) = Hq(y, 2,t) in Lemma By
Theorem (4.3 (iii) and the property (ii) of the heat kernel the following integral vanishes:

/(HQ(Iu Zy T)Hﬂ(y7 Zy 0)_H9(x7 Zy O)Hﬂ(y7 Zy T))anIHQ(xv Y, T)_Hﬂ(yv Z, T>qed
Q

Sketch of the proof of Theorem [{.16, The case f = 0 = g follows from the defin-
ing properties of the heat kernel. This implies that in the second case ¢ = 0 = h

vz, T) = / Ho(z,y, T —t)f(y,t)d"y solves the initial value problem
Q

0v—Av=0o0nQx (t,00) v(x,t)= f(z,t) on Q x {t} wv(z,t) =0 on 0N x [0, 0].

If we assume that f has appropriate regularity and extends twice continuously differ-
entiable to Q x [0, T] as in the homogeneous initial value problem Theorem 4], then

/ / Ho(z,y, T —t)f(y,t)d"ydt  solves the initial value problem

(z,t) — Au(x,t) = fon Q2 x (0,7) u(z,0)=00n 2 wu(x,t)=0on 00 x[0,T].
Finally we consider the inhomogeneous boundary value problem: In this case u solves
(z,t) — Au(z,t) =00on 2 x (0,7) wu(z,0)=0o0nQ wu(z,t)=gon dx|0,T].

We first extend any function g on 02 x [0, 7] with appropriate regularity to Q x [0, 7]
such that it vanishes outside a tubular neighbourhood of 92 x [0, T]. If we subtract
from this extension % the solution of f = @& — At and h(x) = @(x,0) then we obtain a
solution of the desired boundary value problem. q.e.d.

The appropriate regularity conditions depend on the heat kernel and therefore also
on the domain. All the time we assumed that the divergence theorem holds for the
open domain €2 C R". Before we construct the heat kernel for some special domains,
we prove the following general property of the heat kernel:

Lemma 4.18. For any bounded connected open domain 2 C R™ the corresponding heat
kernel is positive on the corresponding parabolic cylinder, if it exists.
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Proof. The fundamental solution ®(z,t) is positive on (x,t) € R" x R*. For bounded
open domains 2 C R™ and given x € Q the difference ®(z — y,t) — Ho(x,y,t) of the
fundamental solution minus the heat kernel is the unique solution of the heat equation
on 2 x [0, 7] which vanishes on Q x {t = 0} and coincides on 92 x [0, T'] with ®(x—y, ).
This solution is for all € > 0 on Q2 x{t = €} and on 902 x [0, T'] not larger than ®(z—y,t).
By the Maximum Principle it is not larger than ®(x — y,t) and Hq(x,y,t) is positive.
q.e.d.

4.6 Spectral Theory and the Heat Equation
In this section we solve the initial value problem
t—Au=0 on Qx[0,7] wu=0 ondx|[0,7] w=h onQx{0}

with the help of the Laplace operator on ). If h is an eigenfunction of the Laplace
operator:
—Ah=Ah on Q and hlgg =0,

then the initial value problem can be solved by the following ansatz:

u(x,t) = e(t)h(z)  o)h(x) + Ap(t)h(z) = 0.

The general solution is ¢ = — Ay, p(t) = e~ =t With ¢(0) = 1 we obtain the unique
solution of the corresponding initial value problem u(z,t) = e *h(z). By linearity the
corresponding solution for initial value h = hy + ... + hy; with —Ah; = \h; on Q
and h;|asq = 0 is given by u(x,t) = e Mthy(x) + ... + e *Mhy (). Hence it suffices to
decompose h into a sum of eigenfunctions of the Laplace operator on €2 with Dirichlet
boundary conditions.

To explain this strategy we first interpret the fundamental solution as such a de-
composition. On R” the Laplace operator has the following eigenfunctions:

_A627rik~:c — 47r2k2e2m'kx

The following equation of powerseries holds first for x € R™ and then also for x € iR":
7_(.71/2 f: (1,2 _ —(k z)%+a2 A"k = f: —k2 2kl’)2ldnk’
P ! n (20)!

n/2 . 2 o
(47T2t) /2 6_(£4ty)2 :/e (2mkvi-isZt) e 43)2d"k:/6_4“2k2te2“i(x_y)kd"k.
Tet)" n n

—k2

n

This implies
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So by our considerations above the solution of the initial value problem

t—Au=0 on R"xI0,T] u(z,0)=h on R"

U(l’, t) — / / e—47r2k2t627ri(:c—y)kh(y)dnkdny‘

For an integrable function h we can apply Fubini’s Theorem. So for continuous and
integrable h we conclude from hm u(x,t) = h(z) also

is given by

_ hm/ / —4n?k?t 27rz(w ykh( )dnydnk?

t10

We define the Fourier transform of h as  h(k) = / e 2R (y)d™y.  This gives

u(x7 t) — / 6_47r2k2t62mkwil(]€)dnk and h(SL’) — lgfgl 6_4”2k2te2“ikmiz(k)d”k.

Definition 4.19. The Schwartz space S contains all smooth complex valued functions
f on R™ whose functions x + |z|?|0% f(x)| are bounded for alll € N and all o € Ny.

Lemma 4.20. The Fourier transformation maps S onto S. The inverse is given by
PoF:8—S, heh, with h(z)= / 2™ (k)d k.
Proof. By two partial integrations we calculate

—K\h(k) = —/ e~ 2R AR (y)d My = / A2 kPR (y)d y = Atk h(k).

So by |h(k)| < fRn |h(y)|d™y the Fourier transform of any Schwartz function decays
faster then every inverse power of the coordinate. For any h € C§°(R", C) we obtain

Since C§°(R™,C) is dense in [!(R"), the Fourier transform extends to a continuous
linear map from I'(R") into the Banach space Cy(R™, C). Furthermore, we have

0ih(k)| =

/ “omigse W h(y)dry| < 2 y1h(y) g,
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So h is smooth, if h decays faster than every inverse power of the coordinate. So the
Fourier transform of an integrable function is continuous and the Fourier transform of
a Schwartz function is smooth.

Theorem 3] implies for any h € S

h(e) =lim [ e TR () with h(k) = / e 2 M p(y)d"y.
R n

Since e4™°F*t converges in the limit ¢ | 0 on any compact subset K C R™ uniformly

to 1 and since h € S belongs to L'(R™), we also have Po Fo F = 1g and F o F = P,
respectively. Now the equation

/ 627nkxiL(k‘)dnk‘ _ / 6—27rikxil(_k:)dnk

implies P o F = F o P and therefore also FoPo F =F o FoP =1s. q.e.d.

For any Schwartz functions h and g we apply Fubini’s Theorem and obtain

/ h(k)g(k)d"k = / / y)er i dnyd
/ / PGy — / h(y)a(v)d"y.

This shows that the Fourier transform preserves the hermitian scalar product and the
I*(R™)-norm. Since the Schwartz space is dense in I?(R™) this implies that the Fourier
transform extends to an unitary operator from I?(R") to I*(R").

Definition 4.21. For any open connected domain Q C R™ let Wy*(Q) be the closure
of C3°(Q2) in the Hilbert space with the scalar product

(F g = [ (DD + | fods
Q Q
All functions h € C§°(£2) obey
(Ah, AhY 30y = /Q (AR AR < ()20

Therefore for any h € Wy*(Q) the function Ah belongs to I?(R2). For f € I?(Q) the
Cauchy Schwarz inequality implies

[(F, AR ] < [fllz@ - [Blly22q



72 CHAPTER 4. HEAT EQUATION

A sequence (hy,)nen in C5°(€2) converges together with (Ahy,)ey in I2(Q), if and only
if it converges in W22(Q). So the operator H = —A\ is a closed self adjoint operator
on I?(Q) with domain W;*(Q) C I?(Q2). By the inequality

/(—Ah)ﬁd":c _ / VA2>0 forall he Q).
Q Q

H is non negative. Hence the operator H has a spectral decomposition and e~*# is a

bounded operator from I*(€) to I?(2) such that the following equation holds:

le " hll2) < [0l 2.

This shows that u(x,t) = (e " h)(z) solves t(x,t) = —(He ) (z) = Au(x,t) with
Dirichlet boundary condition

u(z,0) = h(x) u(z,t) =0 for xz e .

We shall calculate with the help of this relation between the spectral theory of the
Laplace operator with Dirichlet boundary condition and the heat equation the heat
kernel of the circle S' and the interval [—1,1].

4.7 Heat Kernel of S!

We identify the circle S* with the quotient R/Z. The eigenfunctions of —% on R/Z
are equal to e*™** with k € Z with eigenvalues 472k®. This eigenfunctions build
an orthogonal system of the Hilbert space I?(R/Z). By the Theorem of Stone and
Weierstrafl the algebra of polynomials with respect to sin(27x) and cos(27wz) are dense
in the real Banach space C'(R/Z,R). This in turn implies that the same holds for
polynomials with respect to €*™® and e~>™® in the complex Banach space C(R/Z, C).
Therefore the orthogonal complement in I?(R/Z) of the former orthogonal system is
trivial, and this system is an orthogonal basis. So any h € I?(R/Z) may be decomposed

into a series of the eigenfunctions 2" of —dd? on R/Z with eigenvalues 42k

h(z) = Zake%““ with ar = / e 2R b (y)dy.
keZ R/Z
Therefore the heat kernel of R/Z is given by

Hap(w,y,t) = Y e HI2mEE) — (3 — y drit) with O(z,7) = Y _ e?riketmink?,
ke s
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Here O(z, 1) is Jacobi’s Theta function. This sum converges on the domain (z,7) €
C x {7 € C| () > 0} to a holomorphic functions since e™7** decays exponentially
with respect to k2. This Theta function is characterised by the following properties:

Oz +1,7)=0O(z,7), Oz +r71,7)= @(x,f)e_””_z’m, @(% + %7‘, T)=0.

The first property follows from the periodicity of €2™*** with period 1. The other two
properties we show by direct calculation:

2 . . 2 _ .
LU + T, 7_ 2 e27rzk z47)+miksT — § e27rzkx+7r2(k+1) T—TiT
keZ keZ
. . 2 _ O . _ N .
_ 2 e2m(k+1)x+7r7,(k+l) T—2mix —TIT — ("‘)(SL’,T)@ 2WIT—TIT
keZ
1 T _ k _mir((k+1)2—1 _ —4mir miT(l+1)2 _
O +5.1) = (—1)femmhra)=3) —e i e (1~ 1) = 0.
keZ 1eNg

Exercise 4.22. (i) Show that for allt > 0 the fundamental solution ®(x,t) belongs to
the Schwartz space considered as a function on x € R™.

(ii) Calculate for all t > 0 the Fourier transform of the fundamental solution ®(x,t)
considered as a function on x € R™.

(iii) Show that for any Schwartz function f on R the following series converges to a
smooth function f on R which is periodic with period 1:

=> flz+n).

nez

(iv) Let h be a periodic continuous functions on R with period 1. Show that the solution
of the heat equation with initial values h preserves periodicity with period 1 for
allt > 0. Conclude that the following series is the heat kernel of S*:

Z(I)(x—y+n,t).

ne”L

(v) Due to Poisson’s summation formula every Schwartz function on R satisfies

S fwn) =3 fmer

nez neL
Show with the help of this formula the relation

Hgi(x,y,t) Z@z—y+nt)

neL

(vi) Show that f(z) = e * (e™*" +sinz) is a positive Schwartz function on R, whose
square root does not belong to the Schwartz space.
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4.8 Heat Kernel of [0, 1]

The eigenfunctions of d22 on [0,1] with Dirichlet boundary conditions, this means
roots at 0[0,1] = {0, 1}, are given by

V2sin(krz) with ke N

These functions again build an orthogonal system:
1 1
V2sin(krz)V2sin(k'nr)de = / (cos((k — K')maz) — cos((k + k' )wz))dx = b g
0

For any continuous functions f on [0, 1] with roots at 9]0, 1] the function

flx) =

N flx—2n)  forz € [2n,2n+ 1] with n € Z
—f(2n—x) forx € [2n—1,2n] withn € Z

is continuous on R with roots at Z and is periodic with period 2. By the Theorem
of Stone and Weierstrafl the finite linear combinations of (z +— exp(kmiz))ren build
a dense subalgebra of C’ (R/2Z) and therefore are also dense in I?(R/2Z). The map
f s f obeys fo x)dr = 2f0 (x)dx and maps I*[0, 1] onto

(n+:c):{f(x) for even n € 2Z and z € R }

Z{feL(R/QZ)f —f(1—x) foroddne€2Z+1andzeR

This space A consists of all periodic odd functions on R with period 2, since n = —1
gives f(x—1) = —f(1—x). A linear combination ), aj exp(kmz) belongs to A, if and
only if a_, = —ay, for all k € Z. Hence the linear combinations of (v/2sin(krx))gen are
dense in A and build an orthonormal basis of I?[0, 1]. This implies

h = Zak\/_sm (kmz)  with ak—/ V2sin(kny)h(y)dy  for h € I*[0,1].

keN

We conclude that the unique solution of the initial value problem

w(x,t) — Au(z,t) =0 u(z,0)=h(z) u(0,t)=u(l,t)=0 for (z,t) € (0,1) x R*
is given by u(x, t) / Hypq1y(z,y,t)h(y)dy with

Hyoq1)(z,y,t Ze mk9 sin(krz) sin(kmy)
k=1

Ze TR (cos(km(z — y)) — cos(km(z +y))) = %@(%,m’t) — %@(””Tﬂ’,m't).
k=1
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Exercise 4.23. (i) Show that the heat kernel Hyyqy is given by

1. 1.
Hpj(x,y,t) = 5O(55%, mt) — 5O (55, mt).

(ii) Let A be the space of all continuous functions on R with the following properties:

f(x) for evenn € 2Z and x € R

f(n_l_z):{_fﬂ—x) foroddn € 2Z+1 and x € R.

Show that the functions in A vanish at Z and that A contains all continuous odd
and periodic functions with period 2.

(iii) Show that for any Schwartz function f on R the following series converges to a
smooth functions f in A:

flx) = Zf(2n+x) — Zf(Qn—x).

nez neL

(iv) Show for any h € A, that the solutions of the heat equation with initial value h is
for allt > 0 a smooth function in A. Conclude from this that the following sum
has the properties of the Heat kernel of [0,1]:

Z(I)(x+2n—y,t)—Z@(x—l—Qn—l—y,t).

nez ne”L

(v) Show the relation
Hypq(z,y,t) = Z O(x +2n —y,t) — Z Oz +2n+y,t).
nez nez

The heat kernel of the Cartesian product of two domains can be easily calculated
in terms of the heat kernels of both domains:

Lemma 4.24. If Q C R™ and Q' C R™ are two open, bounded and connected domains
with given heat kernels Ho and Hgqy, then the heat kernel of 0 x ) is given by

HQXQ’((xv'r,)a (y7 y,>7t) = HQ('I7 Y, t)HQ’(xlvylvt) (JJ’,I',), (y7 y,> € Q X Q/ te R+'

Proof. For any (x,2',t) € Q x Q' x RT the function (y,y’) — Hq(z,y,t)Ha (2", t)
extends by the value zero continuously to 9(2 x Q') = (02 x Q) U (w x 0). The
Laplace operator of the Cartesian product is the sum of the corresponding Laplace
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operators. Hence for all (z,2") € Q x ' the function (y,y',t) — Haq(z,y,t)Ho (2'y/, 1)
solves the homogeneous heat equation. The product of both fundamental solutions
is the fundamental solution on R”™*". Hence for all (z,2') € Q x Q' the function
(y,v',t) — Ho(x,y,t)Ho(2',y't) — ®(x — y,t)P(2’ — ¢/, t) extends continuously to

Q x 0 x R by setting it zero on (y,y',t) € Q x Q' x {0}. g-e.d.

So we might have a formula for the heat kernels all tori (R/Z)" and all Cartesian
products [0, 1]”. However the boundaries of the Cartesian products [0, 1]" C R™ are no
continuously differentiable submanifolds of R™ and our proof of the divergence theorem
does not apply to these Cartesian products. However, the divergence theorem holds for
these Cartesian products and we prove this in the lecture Partial Differential Equations.

So we have determined the heat kernel of all tori (R/Z)" and all Cartesian products
[0,1]™. Hence the unique solution of the initial value problem

—Au=0on (0,1)" x (0,7], u(x,0)=h(z)on [0,1]", w=0on 9[0,1]" x [0,T]
is given by U(II}', t) = f[O,l}” H?:l H[O,l] (xh Yi, t)h(y)dny

1
From ®(x—y,t) = %@(%—%, %) we obtain Hig (2, y,t) = — | | Hio (ﬂ, v %)
rn ’ I8 T
i=1

n

Corollary 4.25. Any solution u(x,t) of the homogeneous heat equation on a neigh-
bourhood of [0,r]" x [0,T] C R™ x R satisfies

T
(e, T) = — / / (e, )V Ho o, 2. T — 1)N(2)do (2)dt + /u(y, 0)Higyn (2, y, T)d"y.
0/ 9[0,r]™ [0,r]™ q.e.d‘

In the proof of Theorem we show that in the limit ¢t | 0 ®(x — y,t) converges
on the complement of y € B(x,d) uniformly to zero. The same is true for all partial
derivatives and due to condition (ii) in Definition B.14] also for H»(x,y,t). By
Lemma (.17 the integral for u(x,T') is smooth at all x € (0,7)™. For (z,t) € 0[0,r]" x
[0, 7] the Taylor series of x +— Hyg,n(x,2,T — t) converges uniformly on compact
subsets of z € (0,7)" to Hjgn(x, 2, T —t). This implies the following Corollary:

Corollary 4.26. Any solution u of the homogeneous heat equation on an open domain
Q C R™ x R is smooth and for fixed t analytic with respect to x. q.e.d.



